We consider moduli spaces of Azumaya algebras on K3 surfaces. In some cases we prove a derived equivalence between Azumaya algebras on on K3 surfaces. We also prove that when χ(A) = 0, and c 2 (A) is within 2r of its minimal bound where r 2 is the rank of A, then the moduli space is a projective surface if it is non-empty.
Introduction
In this paper we investigate specific examples of moduli spaces of Azumaya algebras on K3 surfaces and their derived equivalences.
In recent years there has been considerable interest in derived equivalences between K3 surfaces. For instance in mathematical physics one is interested in field theories with a non trivial B-field. The B-field is a finite order element in the second cohomology. The question of equivalences between physical theories with B-fields, can be interpreted in terms of derived equivalences of twisted sheaves [21] . Twisted sheaves correspond to Azumaya algebras and so examples of derived equivalences between modules over Azumaya algerbas are also relevent to string theory. Section 2 contains the preliminaries and basic definitions. In section 3 we review a classical example of an Azumaya algebra A on a K3 surface M, where M is a double cover of P 2 branched over a sextic curve. We calculate invariants of A and prove that A has no deformations. In section 4 we construct a family of Azumaya algebras on M which are also in a division algebra. These Azumaya algebras have χ = 0 and c 2 = 8. We prove that the moduli space of these Azumaya algebras is a K3 surface X given by a triple intersection of quadric hypersurfaces in P 5 . This is like an inverse to the classical Mukai correspondence [19] , in the context of Azumaya algebras.
In Section 5 we extend Bridgeland's [4] methods to the categories of modules over Azumaya algebras and prove some results on a derived equivalence between the two K3 surfaces X and M. Section 6 contains some results about Chern classes of Morita equivalent Azumaya algebras. In particular we show for a simple Azumaya algebra A of degree r, if c 2 (A) is within 2r of its lower bound then c 2 (A) is minimal. In some cases this implies that the moduli space of these Azumaya algebras is proper [1] .
Our original motivation for studying this problem came from mathematical physics and a view towards formulating Mukai's results in the context of Azumaya algebras. We conclude with a discussion of these ideas.
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Brauer Group Basics
In this section we give some basic definitions and set up the notation for later use. The base field k is a algebraically closed field with characteristic zero. We assume that all our schemes are integral and reduced, unless specified otherwise. We also assume all cohomology isétale unless otherwise noted.
The Brauer group Br(K), of a field K is the set of equivalence classes of central simple algebras over K. We have
This notion generalises to schemes also. For more details see [17] .
Azumaya algebras
Definition 2.1 Let X be a reduced integral scheme. An Azumaya algebra A on X is a coherent sheaf of O X -algebras A such that 1. A is a locally free O X -module of rank n 2 .
2. For every geometric point p ∈ X, the fibre A p := A⊗κ(p) is isomorphic to κ(p) n×n , the algebra of n × n matrices over κ(p).
The integer n is called the degree of A. The second condition is equivalent to A p being a central simple κ(p)-algebra.
Etale locally an Azumaya algebra is the sheaf of endomorphisms of a vector bundle. More precisely, the following theorem is well known. Theorem 2.2 Let X be a scheme, and let A be a sheaf of O X -algebras, that is locally free of finite rank as a O X -module. Then A is an Azumaya algebra on X if and only if for every point p ∈ X, there exists anétale neighbourhood π : U → X of p and a locally free sheaf E on U such that π * A ≃ End U (E).
The following result is well known, for example see [1] .
Proposition 2.3
Let A be an Azumaya algebra. Then there is a trace pairing tr :
Two Azumaya algebras A and A ′ are said to be Morita equivalent if and only if there exist locally free sheaves V, W such that An Azumaya algebra is a division algebra if its period equals its index by [1] Proposition 2.7 Let X be a regular, integral, scheme and k(X) the field of rational functions on X. There is an injection Br(X) ֒→ Br(k(X)) induced by restricting an Azumaya algebra to the generic point. Theorem 2.8 Let A be an Azumaya algebra on X. Then any automorphism of A is Zariski locally an inner automorphism.
For a proof, see [17] .
The automorphism group of GL n (O X ) is P GL n (O X ), so An Azumaya algebra A corresponds to an element of
In the associated long exact sequence, we have
The maps δ are compatible for varying n, and
So we get a natural injection Br(X) ֒→ H 2 (X, O * ). In many cases this is an isomorphism. In particular when X is a smooth projective variety. Definition 2.9 Let A be an Azumaya algebra of degree n on X. The Brauer-Severi variety, BS(A), of an Azumaya algebra A, is the scheme parameterising rank n left ideals of A.
It is isomorphic to a P n−1 bundle over X. The class of BS(A) in H 1 (X, PGL n ) is the same as the class of A.
We mention some results on moduli of Azumaya algebras from [1] which we use later. We use the same notation as in [1] . Let X be a smooth projective surface and let α ∈ Br(X) be a Brauer class. If S is a scheme, we consider Azumaya algebras A S of degree n over X S = X × S of the following type: ( * ) A S has degree n and for every geometric point s of S, the Brauer class of A ⊗ κ(s) is the one induced from α.
Let A denote the functor, where A(S) is the set of isomorphism classes of Azumaya algebras satisfying ( * ) above. If A S is a family of Azumaya algebras, the Chern class c 2 (A S ) ⊗ κ(p) for p ∈ S is a locally constant function on S. Let A c denote the functor such that A c (S) is the set of Azumaya algebras A s such that c 2 (A S ) ⊗ κ(p)) = c for p ∈ S. We have the following theorem due to Artin and deJong [1] . Recall that a proper algebraic space of dimension two is a projective surface.
We work with Azumaya algebras A over an algebraic K3 surface X.
Definition 2.11 A K3 surface X is a smooth, simply connected, complex surface with trivial canonical bundle.
The cohomology and Hodge decomposition of a K3 surface is completely determined [2] .
For a K3 surface X we have
There are several references for this, see for instance [10] . We say that A is simple if H 0 (X, A) = k.
Proposition 2.12 Let X be a regular, integral scheme and E a vector bundle on X. Let A be an Azumaya algebra on X with r 2 = rk A.
2. If X is K3 and A is simple then H 2 (X, A) = k 3. If X is K3 and A is simple, then c 2 (A) ≥ 2r 2 − 2.
Proof.
(1) This is just by definition, since E is simple means End E = k, so
3 The Koszul-Clifford Example
In this section we review a classical construction of an Azumaya algebra. We calculate its invariants and prove that it has no deformations.
Quadrics
For the reader's convenience we review some facts about quadratic forms on vector spaces. Let V denote an n dimensional complex vector space. By a quadratic form Q on V we mean a symmetric bilinear pairing
If we choose a basis k n ≃ V then There is an n×n symmetric matrix S = (s ij ) corresponding to Q such that for any v, w ∈ V ,
In terms of coordinates on V , we have that Q(v, v) is a homogeneous quadratic polynomial and hence defines an associated quadric hypersurface
in the projective space PV. Conversely any quadric hypersurface Q in PV , defined by the zero locus of a homogeneous polynomial of degree 2 lifts to a quadratic form Q.
We define the rank of Q to be the rank of the matrix S. If rank of S is n or equivalently if Q is smooth then Q is called nondegenerate otherwise Q is called degenerate.
A linear subspace W ⊂ V is an isotropic subspace for Q if Q | W ≡ 0 so Q(u, v) = 0 for all u, v ∈ W , or equivalently PW ⊂ Q. If the dimension of V is 2n and dimension of W is n then W is said to be maximal isotropic. The orthogonal Grassmanian
is the variety of maximal isotropic subspaces of Q. Equivalently we can consider the quadric hypersurface Q ⊂ PV in which case the the maximal isotropic subspaces correspond to families of P n−1 contained in Q. If Q has rank 2n, then OGr(n, 2n, Q) is smooth of dimension n(n − 1)/2 and consists of two disjoint connected components. If Q has rank 2n − 1 then OGr(n, 2n, Q) is still smooth, of dimension n(n − 1)/2 but now has only one component ( [9] Chapter 6).
The Clifford algebra Cl(Q) of a quadratic form Q on a vector space V is defined as
The even degree terms form a subalgebra knows as the even Clifford algebra Cl 0 (Q). In the next subsection we extend these notions to vector bundles.
A Classical Construction
Let Q 0 , Q 1 , Q 2 be rank 6 quadratic forms on k 6 and Q 0 , Q 1 , Q 2 the associated quadric hypersurfaces in P 5 . Let Q be the net of quadrics spanned by Q 0 , Q 1 and Q 2 . Their intersection X is the base locus of Q and is in general a smooth K3 surface of degree 8 in P 5 . We can also view Q as a quadratic form on the trivial vector bundle
. We denote by Q the vanishing locus V (Q) in the corresponding projective bundle P 2 ×P 5 . For generic choice of Q 0 , Q 1 , Q 2 , the degenerate quadrics have rank 5 and C = V (det(Q)) is a smooth degree 6 curve in P 2 . We assume that this is the case unless specified otherwise.
More generally we can define a quadratic form on a vector bundle with values in a line bundle. Definition 3.1 Let V be a rank n vector bundle on a variety Z. By a quadratic form Q on V with values in a line bundle L, we mean a map
The rank of Q restricted to the generic fibre is defined to be the rank of Q. The fibrewise vanishing locus V (Q) in PV , defines a family of quadric hypersurfaces over the base variety Z. We call this the quadric bundle Q over the base Z.
In fact we can define other algebraic structures associated to (Q, V ). If L = O, there is a well known construction of the Clifford Algebra
where v ∈ O(V ), [3] . The relations defining Cl(Q) are in Sym
The even subalgebra is
If L = O, there isn't a notion of a Clifford algebra as such. However we can still form an algebra with a sheaf structure
We basically follow the construction in [3] . Take the tensor product T (V, L) of the Z graded algebras ⊕V ⊗i and
and define the Clifford algebra Cl(Q) to be the quotient of T (V, L) with defining relations Q. More precisely let I ⊂ T (V, L) be the two sided ideal generated by sections of the form t ⊗ t − Q(t), for all t ∈ O(V ). Then Cl(Q) := T (V, L)/I. Cl(Q) is no longer bigraded but if we assign degree 1 to V and degree 2 to L −1 , then the relation t ⊗ t − Q(t) is homogeneous of degree 2. The degree 0 part Cl 0 (Q) is called the even Clifford Algebra associated to the quadratic form Q on V . If L = O we get the usual even Clifford algebra.
Assign degree 1 to V and degree 2 to L −1 . Then the even Clifford algebra Cl 0 (Q) of the quadric bundle Q is defined as the degree 0 subalgebra of
For our next result we need the following notions. Let A and B be Z 2 graded algebras. We define a new graded algebra A ⊗ B where the multiplication has the sign conventions (
We have the easy Lemma [14] ; Lemma 3.3 Let B be a Z 2 graded algebra. Then there exists an isomorphism of graded algebras φ :
Let H be the quadratic form given by the hyperbolic lattice 0 1 1 0 .
It is well known that Cl
2 be the double cover of P 2 branched along the curve V (detQ). Then Cl 0 (Q) = φ * A, where A is an Azumaya algebra over M.
Proof. This follows from local calculations of the Clifford algebra, by generalising the methods in [14] to modules over k [[t] ]. Since the quadratic form has rank six over any point p not in V (det Q) we compute that Cl
⊕2 . Next we need to compute the behaviour over a local transverse slice of the sextic. We may assume that Q = H ⊕ H ⊕ q t where
We first consider the quadratic form given by 
The element e 3 in Cl 1 (q t ) is invertible. An easy computation shows that e 3 Cl 1 (q t ) = Cl 1 (q t )e 3 = Cl 0 (q t ). Moreover e 3 Cl 0 (q t )e 3 = Cl 0 (q t ) is an inner automorphism. Now conjugation by the element
. The generalisation to Q is essentially the same argument.
So Cl 0 (Q) is an Azumaya algebra over its centre, whose underlying scheme M is a double cover of P 2 branched over the locus of degenerate quadrics.
Given a K3 surface M which is a double cover of a plane, branched over a smooth curve C, there are 2 9 (2 10 + 1) inequivalent nets of quadrics Q such that V (det(Q)) = C. So we get 2 9 (2 10 + 1) non isomorphic Azumaya algebras on M which have the same invariants as A above. We describe this correspondence in more detail in section 4.
Numerical invariants
We use Koszul algebras to calculate invariants of A. There are several equivalent ways of defining a Koszul algebra. We use the following:
Then R is Koszul if and only if the entries of d i are all of degree one.
The Koszul dual of an algebra is defined as the Yoneda algebra R ! := Ext
• (k, k). We use the following results from [16] .
Proposition 3.6 The homogeneous coordinate ring of a complete intersection of quadrics is Koszul.
is the Hilbert series of R.
When R = k V /J for J ⊂ V ⊗ V , the Koszul dual has the nice form
For a proof, see [16] . Consider the family Q of quadratic forms on V ≃ k 6 as in the previous section. The base locus X of Q in P 5 is a degree 8 K3 surface and is a complete intersection of three quadrics Q 0 , Q 1 , Q 2 . Let y = (y 0 , y 1 , y 2 , y 3 , y 4 , y 5 ) denote the coordinates on V , and let f 0 , f 1 , f 2 be the respective defining polynomials of the quadric hypersurfaces.
The homogeneous coordinate ring R, of X is Koszul and is given by
The Hilbert series of X is
, it follows from Proposition 3.7 that H R (t) = H R ! (t).
We compute this Hilbert series and get
We also have the equality of algebras
as in [5, 13] . So we see that we may interpret R ! as a polarization of A by the invertible bimodule A(1/2), but it will be more convenient to use the polarization O M (1) which we denote by h.
The Hilbert Series of v 2 (R ! ) consists of the even terms of H R ! (t), so
By the Hirzebruch-Riemann-Roch formula we get χ(A(n)) = 16n 2 + 32 − c 2 (A).
Since O M (1) is ample we know that χ(A(n)) = h 0 (A(n)) for n >> 0. Comparing coefficients with the known Hilbert series H v 2 (R ! ) (t), we get χ(A(n)) = 16n
2 + 2 for all n. In particular,
From the first term of the Hilbert series it follows that h 0 (A) = 1, hence h 2 (A) = 1 and h 1 (A) = 0. Recall from Section 2, that for a simple Azumaya algebra A, c 2 (A) ≥ 2r 2 − 2. In our case, rk(A) = 16, and c 2 (A) = 30, so this Azumaya algebra obtains its possible lower bound for c 2 (A).
To prove our next result we need the following result [1] .
Proposition 3.8 The first order deformations of an Azumaya algebra, A, fixing its centre M, are given by
Proposition 3.9 Let A be as in Proposition 3.4. Then A has no deformations.
Proof. There is a short exact sequence
which is split by the trace map tr : A → O M . From the associated long exact sequence of cohomology it follows that
Therefore we conclude that A has no deformations from the lemma above.
Recall from Section 2, Definition 2.6 that the period of an Azumaya algebra A is its order in the Brauer group while its degree is given by dim Z(A) A. Also an Azumaya algebra is in a division algebra if its degree equals its period. In some cases we can determine these invariants. For instance we have the following [8] 1.5.3. Theorem 3.10 Let A be a Clifford algebra of a quadratic form. Then the period of k(A) is two or one. If k(A) is a division algebra then its period is two.
So we see that A has period 2 and degree 4, and so is certainly not in a division algebra. There is however an interesting reduction of A which allows us to obtain an Azumaya algebras B which have index 2 and period 2 and are Morita equivalent to A.
Moduli of Azumaya algebras
In this section we construct a family of Azumaya algebras on M, where φ : M → P 2 is a double cover of P 2 branched along a sextic curve C. These algebras have index 2 and period 2 and so are contained in a division algebra. We first describe how to associate to M a net of quadrics Q ⊂ P 5 . Given an ineffective theta characteristic we get a family of symmetric matrices S defining a quadric bundle Q with V (det Q) = C. We state this in the following theorem [22] . Theorem 4.2 Let φ : M → P 2 be a double cover of P 2 branched along a smooth sextic curve C. Let L be an even theta characteristic on C such that H 0 (L) = 0.
Theta characteristics and nets of quadrics
1. Then we have a resolution of L;
where S is a symmetric matrix of linear forms on P 2 . The matrix S defines a quadric bundle Q and V (det Q) = C. The base locus X of the corresponding net Q in P 5 is smooth.
2. Conversely given such an S, its cokernel is a theta characteristic on C with H 0 (L) = 0.
There are 2 g−1 (2 g +1) inequivalent even theta characteristics on a curve of genus g. The curve C has genus 10, and for generic C the theta characteristics are not effective so we get 2 9 (2 10 + 1) different nets of quadrics for each M. Since C is smooth, the base locus X of Q in P 5 is also smooth ([22] Lemmas 1.1 and 2.6). Recall that X is a K3 surface of degree 8 in P 5 realised as a complete intersection of three quadric hypersurfaces. In general Pic(X) and Pic(M) have rank 1.
If h 0 (L) = 2, Pic(M) has rank 2. Then M is isomorphic to X and embeds in P 5 as a degree 8 surface. However it is not a complete intersection. We describe this case in more detail in [12] .
Reduction
There is a construction that allows one to pass from a quadric bundle of dimension d to a quadric bundle of dimension d −2, and depends on choosing a section. Let M, X and Q be as in Theorem 4.2. We pick a point x ∈ X. Note that x is a smooth point of every quadric in the net (Lemma 2.6 [22] ). Let a ∈ P 2 , let Q a be the corresponding quadric hypersurface in P 5 and let T x Q a be the projective tangent space to Q a at x. Then Q a ∩ T x Q a is a singular quadric hypersurface in T x Q a consisting of the union of all lines in Q a passing through x.
Let F ∼ = P 3 be a subspace of T x Q a not containing x. If a is not in C then Q a is smooth, and T x Q a ∩ Q a is a cone over a smooth quadric surface Q x (a) in F. If a ∈ C then Q a is singular with a vertex and T x Q a ∩ Q a is a cone over a singular quadric surface Q x (a) with a vertex. So given any a, projecting away from x, we get a quadric surface Q x (a), which is singular or smooth depending on whether a is in C or not. Varying the a and projecting away from x defines a family of quadric surfaces in a P 3 bundle. In fact this family of quadric surfaces is the vanishing locus of a quadratic form on a vector bundle.
Proposition 4.3 Let φ : M → P
2 be a double cover of P 2 branched along a smooth sextic curve C and let X and Q be as in Theorem 4.2 for some choice of a theta characteristic L where H 0 (L) = 0. Note that C = V (det Q). Let x ∈ X. Then projection away from x induces a quadratic form Q x on the bundle
The quadratic form Q x has rank 4. The degenerate quadrics have rank 3 and are paramterised by C.
Proof.
Let a = [a 0 ; a 1 , a 2 ] denote homogeneous coordinates on P 2 . We may assume with out loss of generality that x = [0 : 0 : 0 : 0 : 0 : 1]. Let S be the family of symmetric matrices corresponding to Q and let T x Q be the rank 5 subbundle of O 6 P 2 , given by
We get a commutative diagram.
Here π(xS), · denotes the induced map from O 5 to O P 2 (1), after projection. After an appropriate change of basis of O 5 P 2 we may assume that π(xS), · = (a 0 , a 1 , a 2 , 0, 0), · . Recall the Euler sequence on P 2 ;
Dualising and tensoring with O P 2 (1) we get;
The degenerate quadrics in Q x are exactly those obtained from Q via projection away from x so they are parameterised by C and have rank 3.
The even Clifford algebras of these quadric bundles are rank 4 Azumaya algebras on M. Proof. We pick a point x in X and reduce Q to a quadratic form Q x on V where V ≃ Ω The orthogonal Grassmanian of Q consists of two disjoint conics away from the degenerate locus. These merge into the same conic over the degenerate locus. It follows that BS(B x ) ≃ OGr(2, 4, Q x ) which is a conic bundle on M.
We need one more result to proceed. Given a curve S of genus 2, there is a pencil of quadrics X in P 5 such that S is isomorphic to the Stein factorization of the family of planes in X . The base locus U of X is a complete intersection of two quadrics. Given any point u ∈ U, and a quadric Q in X , T u (Q) ∩ Qis a cone over a quadric surface. So projecting away from u we get a quadric surface bundle on S. The variety of lines in this quadric surface bundle is a conic bundle P on S. Varying u we get a conic bundle P, on U × S which corresponds to an element in the Brauer group Br(U × S) = H 2 (U × S, O * ). Since the Brauer group of a curve is trivial, this conic bundle lifts to a rank 2 vector bundle F on U × S. New stead proves that U is a moduli space of rank 2 vector bundles on S with odd degree and that F is a universal family [20] . Equivalently, this means that given two distinct points p and q in U, the corresponding conic bundles are not isomorphic. Now we prove our first main theorem.
Theorem 4.6 Let φ : M → P 2 be a K3 surface realised as a double cover of P 2 branched along a smooth sextic C. Let L be an even theta characteristic on C such that H 0 (L) = 0 andQ the net of quadrics in P 5 obtained from a minimal resolution of L. Let X be the base locus ofQ. Then X is a moduli space of rank 4 Azumaya algebras on M with χ = 0, and c 2 = 8.
Proof. For each x ∈ X, we construct a rank 4 Azumaya algebra B x with χ(B x ) = 0 and c 2 (B x ) = 8, as in Theorem 4.4. Let M denote the moduli stack of rank 4 Azumaya algebras on M with c 2 = 8 and same underlying gerbe as B x for some x ∈ X. Since h 0 (B x ) = 1, it follows that h 1 (B x ) = 2. From the long exact cohomology sequence associated to the short exact sequence
Recall that an Azumaya algebra A is simple if h 0 (A) = 1. Given a simple Azumaya algebra A of rank r 2 (equivalently degree r) on a K3 surface we know that c 2 (A) ≥ 2r 2 − 2. So for simple rank 4 Azumaya algebras c 2 ≥ 6.
By Corollary 6.6 it follows that the Azumaya algebras B x have minimal c 2 , so M is a smooth projective surface (see Theorem 2.10).
The underlying gerbe of B x is an element of the discrete group H 2 (M, µ 2 ), hence stays constant as we vary x in X. So we have a morphism ψ : X → M. We need to show that it is injective to conclude that X ≃ M
The Brauer-Severi variety of B x , BS(B x ), is isomorphic to the orthogonal Grassmanian of Q x , and is a conic bundle on M. Let S be a smooth genus 2 curve in M, which is an element of the linear system O M (1). Then S corresponds to a pencil of quadrics X contained in Q. The base locus U of this pencil is a moduli space of rank 2 vector bundles of odd degree, on S [20] . Each point x ∈ U defines a conic bundle P x on S which lifts to a rank 2 vector bundle. When x ∈ X ⊂ U, P x ≃ OGr(2, 4, Q x | S ) and by so Theorem 4.5 is isomorphic to BS(B x ) | S .
Suppose there are two distinct points x and y in X such that the BrauerSeveri varieties BS(B x ) and BS(B y ) are isomorphic. Then BS(B x ) | S ≃ BS(B y ) | S are isomorphic as conic bundles, and hence lift to isomorphic rank 2 vector bundles on S, which is a contradiction. Therefore the map ψ : X → M is injective and X ≃ M.
In fact there is another construction which gives a universal family of Azumaya algebras on X × M.
Consider the incidence correspondence in P 2 × P 5 × Gr(2, 5) given by
This is a conic bundle π : I → X × M such that for each x ∈ X, I | x×M ≃ OGr(2, 4, Q x ) ≃ BS(B x ). Consider the short exact sequence as in [6] 
where T I/X×M is the relative tangent sheaf. Then B = π * (End J) ≃ π * J is an Azumaya algebra on X ×M and BS(B) ≃ I. So in fact B is a universal family on X × M such that B | x×M ≃ B x . Moreover B | X×m ≃ F ⊗ F * where F is a spinor bundle on X corresponding to m ∈ M. The variety BS(B x ) ≃ I | x×M is a conic threefold. We use the results from [6] to compute its Chern invariants.
In general M is a non fine moduli space of sheaves on X because the conic bundle I does not lift to a vector bundle. In some special cases M is a fine moduli space and the moduli problem is actually symmetric [12] . Theorem 4.6 is like an inverse of this moduli problem. However there is a subtlety here because we have to make a choice of a theta characteristic. So whereas given an X in P 5 there is a unique M, given an M there isn't a unique corresponding K3 surface X. There are 2 9 (2 10 + 1) even theta characteristics so there are 2 9 (2 10 + 1) choices for X all of which are non isomorphic as K3 surfaces. The obstruction to the existence of a universal sheaf is an element α ∈ Br(M) which can be described in terms of a Hodge isometric embedding T X → T M via the Fourier-Mukai map on cohomology. There are 2 9 (2 10 + 1) even sublattices of T M , of index 2, which arise as transcendental lattices of a K3 surface X [23] . So given a K3 surface M we get 2 9 (2 10 +1) non isomorphic division algebras on M whose moduli spaces are the corresponding distinct K3 surfaces X.
In fact by extending some results of Bridgeland we prove a derived equivalence D(B) ≃ D(X), where D(B) is the category of modules over Azumaya algebras B on M with the same underlying gerbe as B x , see Theorem 5.8.
An equivalent formulation of the inverse of the Mukai correspondence is in terms of twisted sheaves, so X can be viewed as a moduli space of twisted sheaves on M [7] , [11] [24].
Derived Equivalence
Let X be a K3 surface. For the product of X × M we let π M , π X be the projections, and we denote the fibres over points m ∈ M and x ∈ X by X m , M x . Let v be a Mukai vector such that the moduli space M of vector bundles with Mukai vector v is a surface. The following results due to Mukai are well known [18] , [19] . From the quasi-universal sheaf E we construct an Azumaya algebra on M.
Proposition 5.2 Let B = π M * End X×M E. Then B is an Azumaya algebra on M and π M * E is a B-module and E is a π M * B module.
Proof. Since each E m is a simple, we know that End(E m ) = k, and so
and since B is a coherent sheaf of O X algebras, by cohomology and base change we see that B is Azumaya.
Let A be an O X -algebra and let B be an O M -algebra. By this we mean that O X is central in A. Let B o be the opposite algebra of B. As usual we define
Following Van den Bergh, we define an A − B bimodule to be a quasi-coherent sheaf E on X × M that has the structure of an A ⊠ B o module. We sometimes write A E B to emphasise the bimodule structure. We define functors
from the category of left B-modules to right A-modules and
We use the methods of Bridgeland [4] to determine conditions for these functors to induce a derived equivalence. Let X and M be K3 surfaces, A = O X and B = π M * End E as above.
The main fact needed to generalise Bridgeland proof is the following easy lemma.
Lemma 5.3 There is a natural isomorphism
Proof. We can verify this directly or via the Yoneda lemma and the adjunction of tensor and Hom . Proof. First note that since ω B ≃ B the two conditions are equivalent. So we focus our attention on the latter. We know that for any coherent B-module there is some m so that Hom B (F, V m ) = 0, since F must have a simple quotient. So if Hom B (F, V m ) = 0 for all m then F = 0. Now let C be an object of D(B) such that C = 0. Then there is a spectral sequence
Since we are in the bounded derived category there is a maximal q such that H q (C) = 0, so for some m ∈ M there is a homomorphism in Hom B (H q (C), V m ) = 0. Since we have p = 0 and q is maximal we have that q − p is maximal, and so Hom B (H q (C), V m ) can not vanish in the spectral sequence.
We need another lemma concerning an adjunction that we prove using the Serre functor. Recall that if we let f * : O M → B be the structure map then the dualizing bimodule for B is In our particular case where M is K3 and B is Azumaya, we have that ω B ≃ B and ω X ≃ O X as bimodules.
Lemma 5.5 For an π 3.
Proof. We calculate
Since each E m is simple it follows that Hom X (E m , E m ) = k. Since M is a moduli space of sheaves on X, (2) is satisfied. Condition (3) is a consequence of the fact that X is a K3 surface and hence ω X ≃ O X . So by a straightforward adaptation of the methods in [4] we have the following theorem. We apply this to our earlier example where X is a degree 8 K3 surface in P 5 given as the base locus of a net of quadrics Q and M a double cover of P 2 branched over V (det(Q). A quasi universal sheaf E exist for this problem such that E | Xm ≃ E 2 m [15] . Then B := π M * (End E) is a rank 4 Azumaya algebra on M, and the functor DF (−) = Rπ X * (E ⊗π
For an equivalent formulation in terms of twisted sheaves see [7] , [11] .
Moduli Spaces
Let A be a simple Azumaya algebra of rank r 2 over X. Consider M, the moduli stack of Azumaya algebras that are Morita equivalent to A. Let M A be a component of M that includes A. The gerbe underlying A in H 2 (X, µ r ) is constant over M A since this group is discrete.
In this section we show that if A and A ′ are Azumaya algebras of degree r that have the same underlying gerbe, then 2r | c 2 (A) − c 2 (A ′ ). This shows that if the second Chern class jumps down in M A then it must jump down by at least 2r. Hence if A is simple and has its second Chern class within 2r of a lower bound, then it has minimal c 2 and by Theorem 2.10, M A is a proper moduli space.
We need the following diagrams: Proof. By Proposition 7.3 [1] , A ′ is the elementary transformation of A over a smooth curve C in M. This implies that there is the data of a decomposition A| C = V ⊗ V * and a subvector bundle F of V of rank one, from which one can build A ′ . We let Q = V /F and let q 0 , q 1 , f 0 , f 1 , r, v 1 be ranks and degrees of Q, F and V respectively. So q 0 + f 0 = r and q 1 + f 1 = v 1 . We have that f 0 = 1 and q 0 = r − 1. Note that the class of C in H 2 (X, µ r ) is the difference of the classes of A, A ′ in H 2 (X, µ r ) by [1] Corollary 8.2.10. We can also choose C sufficiently large, as long its Chern class is zero in H 2 (X, µ r ). So we choose C = rD such that 2r | C So if we can show that r | v 1 then we are done.
The value of −v 1 (mod r) is an invariant of V ⊗ V * over C and is the image of the composition H 1 (C, P GL r )
≃ → H 1 (C, P SL r ) → H 2 (C, µ r ).
Recall that our Azumaya algebra A gives us an element of
The image of A in H 2 (C, µ r ) via the above mapping H 2 (X, µ r ) → H 2 (C, µ r ), takes the value −v 1 (mod r). Now since C = rD, we conclude that the image of H 2 (X, µ r ) → H 2 (C, µ r ) is 0. So we must have that r | v 1 . Corollary 6.6 Let A be an Azumaya algebra of degree r and suppose that there is a lower bound c 2 (A ′ ) ≥ k for all Morita equivalent Azumaya algebras A ′ of degree r. If c 2 (A) < k + 2r then A has minimal c 2 .
Proof. Let A ′ be an Azumaya algebra of degree r, Morita equivalent to A. Suppose there exists an A ′ such that c 2 (A ′ ) < c 2 (A). Then by the above Proposition 2r | c 2 (A) − c 2 (A ′ ) which implies that c 2 (A) ≥ k + 2r which is a contradiction. Therefore A must have minimal c 2 .
